We continue our exploration of the extent to which the spectrum encodes the local geometry of a locally homogeneous three-manifold and find that if (M, g) and (N, h) are a pair of locally homogeneous, locally non-isometric isospectral three-manifolds, where M is an elliptic three-manifold, then (1) N is also an elliptic three-manifold, (2) M and N have fundamental groups of different orders, (3) (M, g) and (N, h) both have non-degenerate Ricci tensors and (4) the metrics g and h are sufficiently far from a metric of constant sectional curvature. We are unaware of any such isospectral pair and such a pair could not arise via the classical Sunada method. As part of the proof, we provide an explicit description of the isometry group of a compact simple Lie group equipped with a left-invariant metricimproving upon the results of Ochiai-Takahashi and Onishchik-which we use to classify the locally homogeneous metrics on an elliptic three-manifold Γ\S 3 and we determine that any collection of isospectral locally homogeneous metrics on an elliptic three-manifold consists of at most two isometry classes that are necessarily locally isometric. In particular, the leftinvariant metrics on SO(3) (respectively, S 3 ) can be mutually distinguished via their spectra. The previous statement has the following interpretation in terms of physical chemistry: the moments of inertia of a molecule can be recovered from its rotational spectrum.
Introduction
In Klein's Erlangen program the simply-connected n-dimensional Riemannian manifolds E n , S n and H n of constant sectional curvature zero, one and negative one, respectively, correspond to the maximal geometries (R n , Isom(E n ) o ), (S n , Isom(S n ) o ) or (H n , Isom(H n ) o ), respectively. In dimension two, these geometries account for all the maximal geometries and the Uniformization Theorem states that every closed surface Σ admits geometric structures (i.e., complete locally homogeneous metrics) and the geometric structures supported by Σ are all modeled on the same maximal two-dimensional geometry. Phrased differently, every closed surface Σ admits metrics of constant sectional curvature and the sign (plus, zero or minus) of the sectional curvature is determined by the topology of the underlying surface. This demonstrates the importance of locally homogeneous metrics to the study of the geometry and topology of compact surfaces. And, it is a well-known result of Berger that a closed surface of constant sectional curvature-i.e., a compact locally homogeneous surface-is determined up to local isometry by its spectrum; specifically, its first three heat invariants [B, Theorem 7.1] . The numerous examples of isospectral Riemann surfaces demonstrate that this result is optimal.
In dimension three, the simply-connected homogeneous spaces admitting compact quotients come in the following eight families.
Simply-Connected Homogeneous Three-Manifolds Admitting Compact Quotients (cf. Theorem B of [Sek] ). A simply-connected homogeneous Riemannian three-manifold that admits a compact quotient is isometric to one of the following:
(H1) E(2) = R 2 ⋊ ϕ R, the universal covering of the isometry group of E 2 , equipped with a left-invariant metric, where ϕ(θ) is counterclockwise rotation of the plane through 2πθ; (H2) S 3 equipped with a left-invariant metric; (H3) H 3 equipped with a hyperbolic metric; (H4) S 2 × R equipped with a product of a round metric with the standard Euclidean metric; (H5) H 2 × R equipped with a product of a hyperbolic metric with the standard euclidean metric; (H6) Nil equipped with a left-invariant metric;
(H7) SL 2 (R) equipped with a left-invariant metric;
(H8) Sol equipped with a left-invariant metric.
And, the Geometrization Theorem-proven through the efforts of Hamilton [Ha1, Ha2, Ha3, Ha4] and Perelman [Pe1, Pe2, Pe3] (cf. [KL] )-illuminates the importance these geometries play in understanding the geometry and topology of closed three-manifolds.
Partially inspired by Berger's observation that the spectrum determines the universal Riemannian cover (i.e., determines the local geometry) of a closed surface of constant sectional curvature, we previously initiated the exploration of the extent to which compact locally homogeneous three-manifolds are determined up to local isometry by their spectra [LSS] . We found that any closed three-manifold modeled on (1) a simply-connected symmetric space, (2) E(2) equipped with a left-invariant metric (which includes the Euclidean metric on R 3 ), or (3) Nil equipped with a left-invariant metric is determined up to local isometry by its spectrum-more specifically, its first four heat invariants-among compact locally homogeneous three-manifolds [LSS, Theorem 1] . In particular, we found that six of the eight Thurston geometries (see [Th, Sco] ) are "audible" when compared to compact locally homogeneous three-manifolds.
Additionally, recalling that a closed locally homogeneous three-manifold modeled on the (metrically maximal) S 3 -geometry is defined to be a space whose universal Riemannian cover is isometric to S 3 equipped with a left-invariant metric [LSS] , we found that the property of being a closed three-manifold modeled on the S 3 -geometry is audible among compact locally homogeneous three-manifolds. Furthermore, if a closed Riemanian three-manifold modeled on the S 3 -geometry is sufficiently close to a metric of constant positive sectional curvature, then it is determined up to local isometry by its spectrum within the class of locally homogeneous three-manifolds.
In this article we delve deeper into the audibility of the local geometry of a space modeled on the S 3 -geometry; i.e., the locally homogeneous elliptic three-manifolds.
1.1. The classification of locally homogeneous elliptic three-manifolds. A result of Singer implies that the universal Riemannian cover of any complete locally homogeneous manifold must be a homogeneous space [Si, p. 692] . It then follows from the classification of simply-connected homogeneous three-manifolds admitting a compact quotient (see p. 2) that the Riemannian universal cover of a closed locally homogeneous three-manifold (M, g) with a finite fundamental group is isometric to S 3 equipped with a left-invariant metric g. That is, the locally homogeneous three-manifolds with finite fundamental group are precisely the closed three-manifolds modeled on the S 3 -geometry. Therefore, the underlying manifold M is diffeomorphic to Γ\S 3 , where Γ is a finite subgroup of Isom(S 3 , g) acting freely. From Onishchik's work on the isometry groups of homogeneous spaces [On, Theorems 4 and 6] (see Theorem 2.17), one concludes that Isom(S 3 , g) ≤ Isom(S 3 ) = O (4) . Hence, M is a closed three-manifold admitting a metric of positive sectional curvature, and we deduce that the closed three-manifolds admitting geometric structures modeled on an S 3 -geometry are precisely the elliptic three-manifolds, which have been classified by Seifert and Threlfall [SeTh] .
[g] is Berger Indeed, by definition, an elliptic three-manifold is any quotient of S 3 by a finite subgroup Γ of SO(4) acting freely, and any two elliptic three-manifolds Γ 1 \S 3 and Γ 2 \S 3 are diffeomorphic if and only if Γ 1 and Γ 2 are conjugate in O (4) . The finite subgroups of SO(4) acting freely on S 3 fall into six infinite families, Type I -VI (see Definition 2.2), where the Type I groups account for all the finite cyclic subgroups, the Type II (respectively, Type IV) groups are the product of particular subgroups of dihedral (respectively, tetrahedral) groups with certain cyclic groups, and each group of Type III (respectively, Type V or Type VI) is a product of the binary dihedral (respectively, binary octahedral or binary icosahedral) group with a cyclic group of relatively prime order. Letting R(θ) denote counterclockwise rotation of the euclidean plane through an angle of θ, one can show that up to conjugation in O(4), the Type I groups which act freely on S 3 are given by the cyclic groups Γ q;1,p ≡ R( 2π q ) ⊕ R( 2πp q ), where q ≥ 1 and p are relatively prime integers, and the corresponding quotients L(q; 1, p) ≡ Γ q;1,p \S 3 are the three-dimensional lens spaces. Two lens spaces L(q 1 ; 1, p 1 ) and L(q 2 ; 1, p 2 ) are diffeomorphic if and only if q 1 = q 2 and p 2 ≡ ±p 1 , ±p −1 1 mod q 1 . Up to scaling, every elliptic three-manifold admits a unique metric of constant positive sectional curvature. The following classification theorem-which relies on our explicit description of the isometry group of a left-invariant metric on a compact simple Lie group (see Theorem 2.20)-establishes that every elliptic three-manifold admits locally homogeneous metrics of non-constant sectional curvature (see Figure 1 ). Interestingly, when q ≥ 3 and p ≡ ±1 mod q, the lens space L(q; 1, p) admits pairs of locally isometric locally homogeneous metrics where one is homogeneous while the other is not.
1.1. Theorem (Classification of locally homogeneous elliptic three-manifolds). Let M = Γ\S 3 be an elliptic three-manifold. And, by a Berger metric on S 3 we shall mean a left-invariant metric on S 3 obtained from the round metric by scaling the fibers of the Hopf fibration (see Definition 2.14).
(1) If Γ is Type I and trivial (respectively, isomorphic to Z 2 , the case when q = 2), then M is S 3 (respectively, SO (3)) and the isometry classes of locally homogeneous metrics on M are precisely the isometry classes of the left-invariant metrics on M . Consequently, all locally homogeneous metrics on M are homogeneous.
(2) If Γ is Type I and conjugate to Γ q;1,p , where q ≥ 3 and p ≡ ±1 mod q, then each isometry class of a metric of constant sectional curvature on S 3 covers a unique isometry class of locally homogeneous metrics on M and this class is not homogeneous, while a Berger metric of non-constant sectional curvature on S 3 covers precisely two isometry classes of locally homogeneous metrics on M neither of which is homogeneous. Any isometry class of a locally homogeneous Riemannian metric on M arises in this manner.
(3) If Γ is Type I and conjugate to Γ q;1,p , where q ≥ 3 and p ≡ ±1 mod q, then every isometry class of a left-invariant metric on S 3 covers an isometry class of locally homogeneous Riemannian metrics on M and any isometry class of locally homogeneous Riemannian metrics on M arises in this fashion. Specifically, we have the following.
(a) The isometry class of a metric of constant positive sectional curvature on S 3 covers a unique isometry class of locally homogeneous Riemannian metrics on M and this class is homogeneous. (b) The isometry class of a Berger metric of non-constant curvature on S 3 covers exactly two isometry classes of locally homogeneous Riemannian metrics on M and precisely one of these classes is homogeneous. (c) The isometry class of a left-invariant metric on S 3 that is not a Berger metric covers a unique isometry class of locally homogeneous Riemannian metrics on M and this class is not homogeneous. (4) If Γ is Type II-VI, but not binary dihedral or binary polyhedral, then each isometry class of a Berger metric on S 3 covers a unique isometry class of locally homogeneous Riemannian metrics on M and this class is not homogeneous. Any isometry class of a locally homogeneous metric on M arises in this manner. (5) If Γ is binary dihedral or binary polyhedral, then each isometry class of a left-invariant metric on S 3 covers a unique isometry class of locally homogeneous Riemannian metrics on M and this class is homogeneous if and only if it is of constant sectional curvature. Any isometry class of a locally homogeneous Riemannian metric on M arises in this manner.
In particular, given an isometry class of a locally homogeneous Riemannian metric on M there is at most one other isometry class on M that shares the same universal Riemannian cover (up to isometry).
In summary, given an elliptic three-manifold M = Γ\S 3 , an isometry class of a left-invariant metric on S 3 covers zero, one, or two locally homogeneous isometry classes on M -according to the conjugacy class of Γ inside O(4)-and every isometry class of a locally homogeneous metric on M arises in this fashion. Every isometry class of a Berger metric on S 3 covers an isometry class of a locally homogeneous metric on M , and an isometry class of a left-invariant metric g on S 3 covers two distinct locally homogeneous isometry classes on M if and only if g is a Berger metric of non-constant sectional curvature and Γ is conjugate to Γ q;1,p for some q ≥ 3. When p ≡ ±1 mod q neither of the isometry classes on L(q; 1, p) covered by a Berger metric is homogeneous. However, when p ≡ ±1 mod q, precisely one of the isometry classes covered by a Berger metric is homogeneous (cf. Theorem 2.36).
After observing that any compact homogeneous three-manifold is covered by a compact homogeneous three-manifold with an abelian fundamental group (see Lemma 3.1), the preceding theorem and the classification of the Thurston geometries admitting compact quotients with abelian fundamental group [AFW, Tables 1 and 2 ] allow us to classify the compact homogeneous three-manifolds.
1.2. Theorem (Classification of compact homogeneous three-manifolds). A compact homogeneous three-manifold is isometric to one of the following spaces:
(1) a flat three-dimensional torus;
(2) S 2 × S 1 with a globally symmetric metric;
(3) RP 2 × S 1 with a globally symmetric metric; (4) the non-trivial S 1 -bundle over RP 2 equipped with a locally symmetric metric; (5) a locally homogeneous elliptic three-manifold (Γ\S 3 , h) where the isometry class [ h] of the covering metric h on S 3 and the finite group Γ ≤ Isom(S 3 , h) o ≤ SO(4) are as follows: (a) [ h] is the isometry class of any left-invariant metric on S 3 and Γ is trivial or
is the isometry class of any Berger metric on S 3 and, up to conjugation in Isom(S 3 , h), Γ = Γ q;1,−1 , for q > 2; (c) [ h] is the isometry class of any metric of constant curvature on S 3 and Γ is a binary dihedral or binary polyhedral group.
1.2. On hearing the local geometry of an elliptic three-manifold. Returning to the question of the audibility of the local geometry of a locally homogeneous elliptic three-manifold, we note that there are currently no non-trivial examples of isospectral locally homogeneous elliptic three-manifolds. In fact, building off of Berger's observation that a closed elliptic threemanifold of constant sectional curvature is determined up to local isometry by its first three heat invariants [B, Theorem 7 .1], Wolf has shown that, among all closed three-manifolds, a manifold of constant positive sectional curvature is uniquely determined by its spectrum [Wo1] . Additionally, several years ago, the second and third authors observed, in an unpublished preprint [SS] , that the isometry classes of left-invariant metrics on S 3 (respectively, SO(3)) can be mutually distinguished by their first four heat invariants (cf. [Sut1] and [Sut2, Sec. 4] ).
Recently, E. Lauret has made this same observation by explicitly calculating the fundamental tone of such metrics [Lau] . By modifying the approach taken in [SS] and appealing to Theorem 1.1, we are able to show that on an elliptic three-manifold an isospectral set of locally homogeneous metrics consists of at most two isometry classes and these classes must be locally isometric.
1.3. Theorem (Spectral isolation of locally homogeneous elliptic three-manifolds). Any collection of locally homogeneous isometry classes on an elliptic three-manifold Γ\S 3 for which the first four heat invariants agree consists of at most two classes and these classes are locally isometric. Therefore, in the event that Γ is not conjugate to Γ q;1,p with q ≥ 3, the isometry classes of locally homogeneous metrics on Γ\S 3 can be mutually distinguished via their first four heat invariants. In particular, the isometry classes of left-invariant metrics on S 3 (respectively SO(3)) can be mutually distinguished via their first four heat invariants.
Consequently, within the space of locally homogeneous metrics on an elliptic three-manifold, each metric possesses a neighborhood in which it is uniquely determined by its spectrum; that is, each metric is spectrally isolated. Coupled with [DoRo] , [Sha] and [LSS] , this presents strong evidence that one should not expect to find isospectral deformations through locally homogeneous metrics in dimension three, which is in contrast with the many examples of non-trivial isospectral deformations through (locally) homogeneous metrics that exist in large dimension [Gor1, Gor2, Sc2, Pr] .
We conclude this section by observing that, among locally homogeneous three-manifolds, if there is an isospectral pair demonstrating that the local geometry of an elliptic three-manifold is not encoded in its spectrum, then it must take the following form.
1.4. Theorem. Let (M 1 , g 1 ) and (M 2 , g 2 ) be compact locally homogeneous three-manifolds that share the same first four heat invariants-i.e., a j (M 1 , g 1 ) = a j (M 2 , g 2 ) for j = 0, 1, 2, 3-but are not locally isometric. If M 1 is an elliptic three-manifold, then
(1) M 2 is an elliptic three-manifold;
(2) the fundamental groups of M 1 and M 2 are of different orders;
(3) (M 1 , g 1 ) and (M 2 , g 2 ) both have non-degenerate Ricci tensors; (4) the metrics g 1 and g 2 are both sufficiently far from a metric of constant positive sectional curvature.
To the best of our knowledge, there are no known pairs of isospectral locally homogeneous elliptic three-manifolds with distinct Riemannian covers; in particular, classical incarnations of Sunada's method cannot produce such a pair as they would necessarily have a common Riemannian covering.
1.3. Detecting the moments of inertia of a molecule via its rotational spectrum. Spectral geometry enjoys rich connections with quantum mechanics and spectroscopy. We now demonstrate that when we consider the elliptic three-manifold SO(3), Theorem 1.3 has an interesting interpretation in terms of physical chemistry. Consider a rigid three-dimensional body W with center of mass at the origin. The moment of inertia tensor of W is a positive, self-adjoint linear isomorphism I : (R 3 , ·, · ) → (R 3 , ·, · ) with respect to the Euclidean inner product ·, · . The moment of inertia of W about an axis Rv, where v ∈ S 2 , is the scalar I(v), v and measures the resistance of W to rotation about the axis Rv.
The moment of inertia tensor has an orthonormal eigenbasis {e 1 , e 2 , e 3 }, with corresponding eigenvalues 0 < I 1 ≤ I 2 ≤ I 3 . The numbers I 1 , I 2 , and I 3 are the principal moments of inertia of the body and the vectors e 1 , e 2 and e 3 are the principal axes. A body is spherical when all principal moments of inertia are equal (e.g., the molecule methane), symmetric when exactly two of the principal moments of inertia are equal (e.g., benzene and chloromethane), and asymmetric otherwise (e.g., water).
The principal moments of inertia 0 < I 1 ≤ I 2 ≤ I 3 determine a left-invariant metric g (I 1 ,I 2 ,I 3 ) on SO(3) as follows. Let B(·, ·) denote the Killing form on the Lie algebra so(3) and let Θ 1 , Θ 2 , Θ 3 denote the usual orthonormal basis of so(3) with respect to the inner product −B. The triple 0 < I 1 ≤ I 2 ≤ I 3 determines a self-adjoint map I I 1 ,I 2 ,I 3 : (so(3), −B) → (so(3), −B) defined by Θ j → 1 I j Θ j , for j = 1, 2, 3. Then, g (I 1 ,I 2 ,I 3 ) is the left-invariant metric on SO(3) induced by the inner product u, v = −B(I I 1 ,I 2 ,I 3 (u), v) on so(3). For example, the metric g (1,1,1) is the unique (up to scaling) bi-invariant metric on SO(3). Letting I = {(I 1 , I 2 , I 3 ) : 0 < I 1 ≤ I 2 ≤ I 3 } and letting R left (SO(3)) denote the space of isometry classes of leftinvariant metrics on SO(3), Proposition 2.12 implies that the map I → R left (SO(3)) defined by (I 1 , I 2 , I 3 ) → g (I 1 ,I 2 ,I 3 ) is a bijection.
Classical mechanics implies that the geodesics in SO(3) with respect to the left-invariant metric g (I 1 ,I 2 ,I 3 ) describe free rotations of W about its center of mass (cf. [GuSt, Section 28] ). When W is a molecule, Schrödinger's equation implies that the eigenvalues associated to the Laplacian of g (I 1 ,I 2 ,I 3 ) describe the rotational spectrum (or energy levels) of the molecule. Applying Theorem 1.3 to the class of left-invariant metrics on SO(3) yields the following statement:
The rotational spectrum of a molecule determines its moments of inertia.
This was previously observed by the second and third authors in the unpublished articles [Sut1] and [SS] (cf. [Sut2, Sec. 4] ).
1.4. Recovering a metric from the first three heat invariants. Returning to geometry, in light of Theorem 1.3, it is natural to wonder whether it is possible to mutually distinguish the locally homogeneous metrics on an elliptic three-manifold with only the first three heat invariants. On a locally homogeneous space (M, g) the first three heat invariants are given by a 0 (M, g) = V , a 1 (M, g) = 1 6 V · Sc and a 2 (M, g) = 1 360 V (2(|R| 2 − |ρ| 2 ) + 5 Sc 2 ), where V , Sc, R and ρ denote the volume, scalar curvature, curvature tensor and Ricci tensor of g, respectively. Although the volume and the curvature tensor determine the heat invariants a 0 (M, g), a 1 (M, g) and a 2 (M, g), these heat invariants need not determine the isometry class of g [SS] . Nevertheless, a 0 (M, g), a 1 (M, g) and a 2 (M, g) suffice in some cases.
1.5. Theorem. Let (Γ\S 3 , g) be a locally homogeneous elliptic three-manifold. Now, suppose one of the following holds:
(1) g has non-positive scalar curvature, or (2) g has positive scalar curvature and 27a 1 (Γ\S 3 , g) 2 − 30a 0 (Γ\S 3 , g)a 2 (Γ\S 3 , g) ≥ 0.
Then, the first three heat invariants determine the isometry class of g up to local isometry among all locally homogeneous metrics on Γ\S 3 . In particular, when Γ is trivial or Z 2 , such metrics are uniquely determined by their first three heat invariants among all left-invariant metrics.
In particular, we remark that a locally homogeneous elliptic three-manifold with degenerate Ricci tensor is determined up to local isometry by its first three heat invariants. Indeed, the equality 27a 1 (M, g) 2 − 30a 0 (M, g)a 2 (M, g) = 0 is equivalent to the metric possessing a degenerate Ricci tensor (see Corollary 4.25) and all locally homogeneous elliptic three-manifolds with degenerate Ricci tensor must have positive scalar curvature (Lemma 5.2) and we apply the theorem.
1.5. Recovering a metric from its curvature tensor. Two Riemannian homogeneous manifolds (M, g) and ( M ,ĝ) are said to have identical curvature tensors R 1 and R 2 if for each p ∈ M andp ∈ M there is a linear isometry F : (T p M, g p ) → (Tp M ,ĝp) such that F * Rp = R p . In dimension 2 it is clear that homogeneous manifolds with identical curvature tensor are locally isometric. In contrast, continuous families of locally non-isometric leftinvariant metrics on SU(2) (resp. SO(3) and SL(2, R)) with identical curvature tensor are exhibited in [La, SchWo1, SchWo2] . The machinery used to prove Theorem 1.4 allows us to demonstrate that for SU(2), SO(3) and any other elliptic three-manifold these ambiguities can be resolved (up to local isometry) by considering volume.
1.6. Theorem. Locally homogeneous metrics on an elliptic three-manifold Γ\S 3 with identical curvature tensor and volume are locally isometric. In the event that Γ is not conjugate to Γ q;1,p , for q ≥ 3, we may replace "locally isometric" with "isometric" in the preceding sentence.
Structure of the Paper. The purpose of Section 2 is to classify all locally homogeneous elliptic three-manifolds up to isometry. We begin with a result by Seifert and Threlfall that classifies the groups that can appear as the fundamental group of an elliptic three-manifold up to conjugation in O(4). Then, after an explicit computation of the isometry group of a left-invariant metric on a compact simple Lie group (Theorem 2.20), the metric classification follows by investigating all possible ways of realizing these fundamental groups as subgroups of isometry groups of left-invariant metrics on S 3 . Section 3 is dedicated to the classification of all compact homogeneous three-manifolds. We later deduce that the first four heat invariants cannot distinguish homogeneous three-manifolds among locally homogeneous ones. In Section 4, we express the first four heat invariants in terms of the Christofffel symbols with respect to Milnor frame [LSS, Definition 2.13] , and apply the formulae to prove the main theorems. Building off the method developed in Section 4, we demonstrate that the local isometry type of a locally homogeneous elliptic three-manifold is determined by its curvature tensor and volume in Section 5.
Locally homogeneous three-manifolds with finite fundamental group
Singer's observation that the universal Riemannian cover of a complete locally homogeneous manifold must be homogeneous [Si, p. 692] coupled with the classification of simply-connected homogeneous spaces admitting compact quotients (see p. 2) tells us that the universal Riemannian cover of any closed locally homogeneous three-manifold with finite fundamental group is isometric to the three-sphere equipped with a left-invariant metric; that is, it is modeled on the S 3 -geometry. And, Onishchik's work on the isometry groups of homogeneous spaces (Theorem 2.17) implies the isometry group of any left-invariant metric on S 3 is a subgroup of O (4) . It follows that the closed three-manifolds with finite fundamental groups and admitting geometric structures are precisely the elliptic three-manifolds (i.e., quotients of S 3 by finite subgroups of SO(4) acting freely): a geometric version of the elliptization theorem. The goal of this section is to verify Theorem 1.1 which provides a classification of the locally homogeneous metrics supported by the elliptic three-manifolds; i.e., the compact locally homogeneous three-manifolds with finite fundamental group. This classification will contribute to our categorization of compact homogeneous three-manifolds given in Theorem 1.2. Our general strategy is as follows.
After establishing some notation in Section 2.1, we use Section 2.2 to review Seifert and Threlfall's classification of elliptic three-manifolds (Theorem 2.7): the finite subgroups of SO(4) acting freely on S 3 come in six explicit families (Type I-VI) and the resulting quotient manifolds are diffeomorphic if and only if the subgroups are conjugate in O(4). By the work of Sekigawa [Sek, Theorem B] (see p. 2), the universal cover of a locally homogeneous elliptic three-manifold is isometric to S 3 equipped with a left-invariant metric and it follows from a result of Onischik (Theorem 2.17) that the isometry group of a left-invariant metric on S 3 is a subgroup of O(4). In Section 2.3, we observe that the left-invariant metrics on S 3 are determined up to isometry by their so-called metric eigenvalues (see p. 16). In fact, given a left-invariant metric g on S 3 and h ∈ S 3 , the metric C * h g-where C h is conjugation by h-is a left-invariant metric on S 3 with identical metric eigenvalues and all left-invariant metrics on S 3 with metric eigenvalues identical to those of g arise in this manner. Therefore, up to isometry, every locally homogeneous elliptic three-manifold is of the form
is of Type I-VI, and h Γ is the corresponding quotient metric on Γ\S 3 , and we see that our task is now to determine when two such quotients are isometric.
With this goal in mind, in Section 2.4, we determine which subgroups of Type I-VI in SO (4) can occur as subgroups of the isometry group of a given left-invariant metric (Corollary 2.30). This is achieved by providing an effective description of the isometry group of a left-invariant metric on a compact simple Lie group (Theorem 2.20) and applying it to compute the isometry groups of left-invariant metrics on S 3 (Proposition 2.29). Now, suppose Γ 1 \S 3 and Γ 2 \S 3 are two diffeomorphic elliptic three-manifolds. What remains is to determine when left-invariant metrics h 1 and h 2 on S 3 , with the property that Γ 1 ≤ Isom(S 3 , h 1 ) and Γ 2 ≤ Isom(S 3 , h 2 ), induce isometric quotient metrics. We solve this problem in Section 2.5 via Theorem 2.36-a reformulation of Theorem 1.1-which provides an explicit description of the isometry classes of the locally homogeneous elliptic three-manifolds and-through Wolf's criteria (Theorme 2.31)-identifies those that are actually homogeneous. In this case we adopt the following notation:
Let K be a subgroup of a group H. Given any element h ∈ H, we denote the conjugate of K by h as
It will be useful to recall the following lemma.
2.1.
Lemma. Let f ∈ Diff(M ) and G 2 = G f 1 . Suppose that Γ 1 is a discrete subgroup of Diff(M ) acting freely and properly discontinuously on M , and Γ 2 = Γ f 1 . Then, for any g
2.2. Classification of elliptic three-manifolds. We turn to the classification of elliptic three-manifolds. In order to keep the present article self-contained and to establish notation, we now review Seifert and Threlfall's classification of the spherical space forms which, in light of the Elliptization Theorem, provides a classification of all closed three-manifolds with a finite fundamental group. Our exposition will draw on [Wo2, Sec. 2.6], [Ik2, Sec. 3] and [Or, Chp. 6] .
Define an inner-product and norm on Q by q 1 · q 2 = Re(q 1 q 2 ) and |q 1 | 2 = q 1q1 for any q 1 , q 2 ∈ Q. Let S 3 = {q ∈ Q : |q| 2 = 1} be the unit sphere. Identifying Q with R 4 , we let L q , R q : Q ≡ R 4 → Q ≡ R 4 denote left and right multiplication by q ∈ Q, respectively, and we obtain a double covering of Lie groups ρ :
are normal in SO(4) and for any A ∈ O(4) − SO(4) we have L A = R. The L-invariant (resp., R-invariant ) metrics on S 3 are the left-invariant (resp. right-invariant) metrics on S 3 . One
is counterclockwise rotation through the angle α. By the standard circle in S 3 we mean
Then, the standard maximal torus S 1 (4) . Similarly, identifying R 3 with the space span R {i, j, k} of pure quaternions we obtain the two-fold covering of Lie groups π :
It is well known that up to conjugation the finite subgroups of SO(3) are the cyclic group Z q of order q, the dihedral group D k of order 2k (k ≥ 2), the tetrahedral group T of order 12, the octahedral group O of order 24, or the icosahedral group I of order 60 (see [Wo2, Thm. 2.6.5] ). In terms of generators and relations these groups are given by
Turning to S 3 , it is well known that two finite subgroups of S 3 are isomorphic if and only if they are conjugate in S 3 and up to conjugation the finite subgroups are [Wo2, Th, 2.6.7]: with the latter three groups being referred to collectively as the binary polyhedral groups. Guided by Goursat's Lemma, one can find the finite groups of SO(4) = ρ(S 3 × S 3 ) as follows.
For n ≥ 3 odd and k ≥ 3, we define the finite subgroup D ′ 2 k n of SO(4) as follows. Let Z 2n be the cyclic normal subgroup of D * n of order 2n, we have an isomorphism ϕ : D * n /Z 2n → Z 2 k /Z 2 k−1 . We then set
where [x] ∈ D * n /Z 2n and [y] ∈ Z 2 k /Z 2 k−1 denote the corresponding cosets of x and y. Then, we define (4) of order 3 k 8 as follows. Let H 8 be the inverse image under π : S 3 → SO(3) of the subgroup of T generated by P and Z. Then H 8 is a normal subgroup of T * and is isomorphic to D * 2 . Then, C 3 k /C 3 k−1 and T * /H 8 are isomorphic to Z 3 . Therefore, there are precisely two isomorphisms Ψ 1 ,
One can check that T 3 k 8 (Ψ 1 ) and T 3 k 8 (Ψ 2 ) are isomorphic, so we let T 3 k 8 denote any subgroup of S 3 ×S 3 isomorphic to T 3 k 8 (Ψ). Since (−1, −1) ∈ T 3 k 8 , we see ρ restricted to T 3 k 8 is injective and we define the following subgroup of SO(4)
). We note that, when k = 1, this group is isomorphic to T * .
For integers q ≥ 1 and p 1 , p 2 ∈ Z with (q, p 1 ) = (q, p 2 ) = 1, let γ q;p 1 ,p 2 = R( 2πp 1 q )⊕R( 2πp 2 q ) ∈ SO(4) and Γ q;p 1 ,p 2 = γ q;p 1 ,p 2 ≤ ρ(S 1 std ×S 1 std ). Setting γ q;p 1 ,p 2 = (exp( iπ q (p 1 +p 2 )), exp( iπ q (p 2 − p 1 ))) we see that γ q;p 1 ,p 2 = ρ(± γ q;p 1 ,p 2 ) and define Γ q;p 1 ,p 2 = ±γ q;p 1 ,p 2 . Then, every cyclic subgroup of SO (4) is conjugate via an element of SO(4) to Γ q;p 1 ,p 2 for some choice of p 1 , p 2 and q. Furthermore, choosing k to be congruent to p −1 1 modulo q, we see that Γ q;p 1 ,p 2 = Γ q;1,kp 2 and conclude that up to conjugation every cyclic subgroup of SO (4) is of the form Γ q;1,p , where (q, p) = 1. (4) is said to be of (1) Type I if Γ is isomorphic to Z q for some q ≥ 1, in which case Γ is conjugate in SO (4) to Γ q;1,p = ρ( Γ q;1,p ) for some choice of p relatively prime to q;
Definition. A finite subgroup Γ of SO
2.3. Remark. In general, up to isomorphism, groups of Type II-VI are of the form ∆
The binary dihedral subgroups of SO(4) are the Type III groups with q = 1. Recall that T ′ 3 k 8 is isomorphic to T * when k = 1, hence the binary polyhedral subgroups of SO(4) correspond to the groups of Type V and VI with q = 1 and Type IV with q = k = 1.
2.5. Remark. The manifold I * \S 3 is known as the Poincare dodecahedral space. It is the unique homology three-sphere with finite non-trivial fundamental group. It has been proposed as an explanation for weak wide-angle temperature cancellations in the cosmic microwave background [LWRLU] .
2.6. Definition. An elliptic three-manifold is said to be a lens space if M is diffeomorphic to L(q; 1, p) ≡ Γ q;1,p \S 3 for some choice of relatively prime integers q ≥ 1 and p.
The following theorem due to Seifert and Threlfall provides a classification of all elliptic three-manifolds. In light of the Elliptization Theorem, it also provides a topological categorization of all closed three-manifolds with finite fundamental group. 2.7. Theorem (cf. [SeTh, Co] and Proposition 1.1 of [Ik1] ). Every finite subgroup of SO(4) = ρ(S 3 × S 3 ) is of Type I-VI. If Γ 1 , Γ 2 ≤ SO(4) act freely on S 3 and are not cyclic of order at least three, then Γ 1 and Γ 2 are isomorphic if and only if they are conjugate in O(4). More specifically, for Γ 1 , Γ 2 ≤ SO(4) acting freely on S 3 , we have the following.
(1) For j = 1, 2, let Γ j ≤ SO (4) (4) be Type I of order at least q ≥ 3. Then, up to conjugation in SO (4) (4). 2.8. Remark. It will be useful to recall that L = ρ(S 3 × 1) and R = ρ(1 × S 3 ) are normal subgroups of SO(4) and L A = R for any A ∈ O(4) − SO(4).
2.9. Remark. Explicit diffeomorphisms between the lens spaces L(q; 1, p), L(q; 1, −p), L(q; 1, p −1 ) and L(q; 1, −p −1 ) are found by noting that the group Γ q;1,p is conjugate to Γ q;1,p −1 via
where I 2 denotes the 2 × 2 identity matrix, and Γ q;1,−p = Γ F 2 q;1,p , where (4).
) determine the same isometry classes of locally homogeneous metrics on the lens space L(q; 1, p).
Theorem 2.7 implies the following classification of spherical space forms of constant positive sectional curvature.
2.10. Corollary. Let S 3 denote the three-sphere equipped with a metric of constant sectional curvature one. Suppose Γ 1 \S 3 and Γ 2 \S 3 are two elliptic manifolds, where Γ 1 and Γ 2 are isomorphic.
(1) If Γ 1 ≃ Γ 2 is Type I of order at most two or Γ 1 ≃ Γ 2 is Type II -VI, then Γ 1 and Γ 2 are conjugate in O(4) and the manifolds Γ 1 \S 3 and Γ 2 \S 3 are isometric.
(2) If Γ 1 ≃ Γ 2 is Type I with q ≥ 3 (i.e., cyclic of order at least three), then for appropriate choices of p 1 and p 2 we have Γ j \S 3 ≃ L(q; 1, p j ) for j = 1, 2, and the following four statements are equivalent
Lie group endowed with a fixed bi-invariant metric g 0 and let ·, · 0 denote its value at the identity. The collection of left-invariant metrics on G will be denoted by R left (G) and the corresponding collection of isometry classes of left-invariant metrics on G will be denoted by R left (G). An arbitrary left-invariant metric g is completely prescribed by its value ·, · at the identity and is related to our background bi-invariant metric g 0 via
where Ω : g → g is a positive definite ·, · 0 -self-adjoint linear transformation. The eigenspaces, eigenvalues η 2 1 , . . . , η 2 d and corresponding eigenvectors u 1 , . . . , u d of Ω are referred to as the metric eigenspaces, metric eigenvalues, and metric eigenvectors of g (with respect to g 0 ), respectively. When all the metric eigenspaces of g are one-dimensional, we will say that g is generic. Finally, mirroring the notation used in Section 2.1, given Γ ≤ Diff(G) acting freely and properly discontinuously on G, we let R Γ left (G) be the collection of Γ-invariant metrics in R left (G). Then, any h ∈ R Γ left (G) induces a locally homogeneous metric h Γ . In this case we write:
• R Γ left (Γ\G) = {h Γ : h ∈ R Γ left (G)} to denote the collection of locally homogeneous metrics on Γ\G that are the quotient metrics associated to metrics on G that are simultaneously left-invariant and Γ-invariant,
G)} to denote the isometry classes of the preceding metrics, • R left (Γ\G) denotes the isometry classes of metrics on Γ\G covered by a left-invariant metric on G.
2.11. Definition. A multiset in R is a map m : R → N ∪ {0}, where we think of m(x) as the multiplicity of x in the multiset. A multiset m is said to be a k-multiset, for k ∈ N, if m is non-zero at finitely many distinct values x 1 , . . . , x q and m(x j ) = k. A k-multiset m will be denoted by [x 11 , . . . x 1m(x 1 ) , . . . , x q1 . . . , x qm(xq) ], where x ij = x i for j = 1, . . . , m(x i ). The collection of k-multisets consisting of positive numbers will be denoted by M + k . Define E : R left (G) → M + n to be the map which sends a left-invariant metric g ∈ R left (G) to the n-multiset [x 1 = x 1 (g), . . . , x n = x n (g)] consisting of its metric eigenvalues (with respect to g 0 ).
In the case where G is S 3 (respectively, SO (3)) it has been shown that the metric eigenvalues determine a left-invariant metric up to isometry.
2.12. Proposition ( [BFSTW] ). Two left-invariant metrics on SO(3) have the same multiset of eigenvalues (with respect to a background bi-invariant metric g 0 ) if and only if they are isometric. That is, the map E induces a bijection E : R left (SO(3)) → M + 3 between the isometry classes of left-invariant metrics on SO(3) and the set of 3-multisets of positive numbers.
When Γ ≤ Diff(G) acts properly discontinuously and g ∈ R Γ G (G), the metric eigenvalues of g Γ are defined to be the metric eigenvalues of g. The preceding Proposition implies that for any Γ ≤ SO(4) of Type I-VI the map E : R left (Γ\S 3 ) → M + 3 sending an isometry class of a locally left-invariant metric on Γ\S 3 to the eigenvalues of a left-invariant covering metric is well-defined and the following is immediate.
2.13. Corollary. Let Γ ≤ SO(4) be a subgroup of Type I-VI that acts freely on S 3 . The map
] are locally isometric. In the case where Γ is trivial or Z 2 , this map is bijective; that is, the left-invariant metrics on SO(3) (respectively S 3 ) are determined up to isometry by the multiset of their metric eigenvalues.
Proof. The general statement follows from Proposition 2.12 and the fact that every locally homogeneous metric on an elliptic three-manifold is locally isometric to a left-invariant metric on S 3 . The case where Γ\S 3 = SO(3) (i.e., Γ ≃ Z 2 ) is precisely Proposition 2.12. And, the case where Γ\S 3 = S 3 (i.e., Γ is trivial) follows from Proposition 2.12 since the two-fold covering map π : S 3 ≃ SU(2) → SO(3) = SU(2)/Z(SU(2)) induces a bijection between isometry classes of left-invariant metrics on S 3 ≃ SU(2) and SO(3).
In subsequent sections it will be useful to distinguish the so-called Berger metrics on S 3 (respectively, SO (3)) which are left-invariant metrics formed by scaling the standard constant curvature metric along the fibers of the Hopf fibration.
2.14. Definition. A left-invariant metric on S 3 (respectively, SO (3)) is said to be naturally reductive or Berger, if it has a metric eigenvalue of multiplicity at least two.
2.4. Isometry groups of left-invariant metrics on S 3 . In preparation for our proof of Theorem 1.1, it will be useful to know which subgroups Γ ≤ SO(4) of Type I-VI can appear as subgroups of Isom(S 3 , g), for a given left-invariant metric g on S 3 (see Corollary 2.30). We will achieve this by computing the isometry groups of the left-invariant metrics on S 3 (see Proposition 2.29). We begin with a general discussion of isometry groups of left-invariant metrics on a Lie group.
2.15. Lemma. Let G be a Lie group with automorphism group Aut(G). Then, for any g ∈ R left (G) and α ∈ Aut(G), α is an isometry of (G, g) if and only if ·, · ≡ g e is α * -invariant.
Proof. The "only if" statement is clear. Now, suppose ·, · is α * -invariant. Fix a ·, ·orthonormal basis {e 1 , . . . , e n } of T e G and let E 1 , . . . , E n be its extension to a left-invariant g-orthonormal framing of G. Then, since α * (E jp ) = α * (L p * (e j )) = L α(p) * (α * (e j )), we find
Hence, α is an isometry of (G, g).
The following statement is an immediate consequence.
2.16. Corollary. Let G be a Lie group with left-invariant metric g and for any h ∈ G, let C h ≡ L h • R h −1 be conjugation by h. Given h ∈ G we see the following statements are equivalent.
(
We recall the following facts about the isometry groups of compact simple Lie groups.
2.17. Theorem. [ see Thm. 4 and 6 of [On] ] Let · be the group operation given by composition of functions and let G be a compact simple Lie group equipped with a left-invariant metric g.
(1) If g is not bi-invariant, then Isom(G, g) = L(G) · B, where B is a subgroup of Aut(G).
(2) If g is bi-invariant, then Isom(G, g) = (L(g) · Aut(G)) ⋊ ι , where ι : G → G is the inversion map.
2.18. Remark. The above follows from more results of Onischick that generalize [OT] and [DZ, p. 24 ] to homogeneous spaces realized as quotients of simple Lie groups. Please note that the statement found in [DZ, p. 24] , is only valid for left-invariant metrics that are not bi-invariant.
We now introduce the following lemma concerning a joint isometry of inner-product spaces. When considering a compact simple Lie group equipped with a left-invariant metric that is not bi-invariant, it will allow us to pinpoint the subgroup B identified in the previous theorem, thus computing the full isometry group.
2.19. Lemma. Let ·, · 0 and ·, · be inner products on a finite-dimensional vectror space V with orthogonal groups O(V, ·, · 0 ) and O(V, ·, · ), respectively. Now, let Ω : (V, ·, · 0 ) → (V, ·, · 0 ) be the unique self-adjoint map such that ·, · = Ω(·), · 0 and let V = ⊕ m j=1 V λ j be the ·, · 0orthogonal decomposition of V into Ω-eigenspaces. If T ∈ O(V, ·, · 0 ), then T ∈ O(V, ·, · ) if and only if T preserves the Ω-eigenspaces.
Proof. We begin by assuming T is an isometry of the inner-product space (V, ·, · 0 ) that preserves the Ω-eigenspaces. Now, suppose v j ∈ V λ j and v k ∈ V λ k are Ω-eigenvectors. Then,
It follows that T is an isometry of (V, ·, · ). Now, assume T is simultaneously an isometry of (V, ·, · 0 ) and (V, ·, · ). Also, let v j ∈ V λ j and v k ∈ V λ k be Ω-eigenvectors. Then, on the one hand, we have
Therefore, (λ j −λ k ) v j , T (v k ) 0 = 0 and, in the event that j = k, we conclude that v j , T (v k ) 0 = 0. Consequently, T is an isometry of (V, ·, · 0 ) that preserves the Ω-eigenspaces.
2.20. Theorem. Let G be a compact simple Lie group. Fix a background bi-invariant metric g 0 on G and let ·, · 0 denote its value at the identity element. Now, consider a left-invariant metric g on G and set ·, · equal to the value of g at the identity element. Then, the isometry group of (G, g) is
where ι : G → G is inversion and Aut g (G) is the subgroup of Aut(G) consisting of α with the property that α * ∈ O(T e G, ·, · 0 ) and α * preserves the metric eigenspaces of g with respect to g 0 .
Proof. This is an immediate consequence of Theorem 2.17 and Lemma 2.19.
We now specialize to the isometry groups of left-invariant metrics on S 3 . In the event that g is a bi-invariant metric on S 3 , it is well-known that Isom(S 3 , g) is isomorphic to O(4), the orthogonal group on four-dimensional Euclidean space. For a left-invariant metric on S 3 that is not bi-invariant, Theorem 2.17(2) implies Isom(S 3 , g) ≤ ρ(S 3 × S 3 ) = SO (4) . Therefore, the isometry group of a left-invariant metric on S 3 contains orientation-reversing isometries if and only if the metric is bi-invariant. Now, since there are no outer automorphisms of S 3 , the preceding theorem informs us that, in order to identify the isometry group of a leftinvariant metric g on S 3 that is generic or Berger of non-constant sectional curvature, we need to identify the subgroup of S 3 consisting of the elements h such that Ad(h) preserves the metric eigenspaces of g with respect to some background bi-invariant metric g 0 .
2.21. Notation. For the remainder of this subsection, let g 0 denote the bi-invariant metric on S 3 induced by the Killing form and let ·, · 0 denote its value at 1 ∈ S 3 . And, for an arbitrary left-invariant metric g on S 3 we let ·, · denote its value at 1.
Notation.
Since h ∈ S 3 → Ad(h) ∈ SO(T 1 S 3 , ·, · 0 ) is a double cover, given a twodimensional subspace W ≤ T 1 S 3 (up to multiplication by ±1) there is a unique element q W ∈ S 3 \{±1} such that Ad(q W ) ↾ W = −I 2 and Ad(q W ) ↾ W ⊥ is the identity, where W ⊥ is the ·, · 0 -orthogonal complement of W .
2.23. Remark. The element q W defined above is an element of order four in S 3 with q 2 W = −1 and q 3 W = −q W . Indeed, by the definition of q W we see Ad(q 2 W ) is the identity. Therefore, q 2 W is in the kernel of the map x ∈ S 3 → C x ∈ SO(3), which is equal to {±1}. Since, q W = ±1, we conclude q 2 W = −1. 2.24. Corollary. Let g ∈ R left (S 3 ) and W ≤ T 1 S 3 be a two-dimensional subspace spanned by two orthogonal metric eigenvectors of g (with respect to g 0 ). Then, R q W , R −q W ∈ Isom(S 3 , g).
In particular, we have ρ(S 3 × {±q W }) ≤ Isom(S 3 , g).
Proof. This is an application of Corollary 2.16 to the present situation.
We will now compute the isometry groups of left-invariant metrics on S 3 that are not biinvariant.
2.25. Computation (The isometry group of a generic left-invariant metric on S 3 ). Let g ∈ R left (S 3 ) be a generic left-invariant metric with pairwise distinct metric eigenvalues η 2 1 , η 2 2 and η 2 3 (with respect to g 0 ) and corresponding metric eigenvectors u 1 , u 2 and u 3 . Set W 1 (g) = Span{u 2 , u 3 }, W 2 (g) = Span{u 1 , u 3 } and W 3 (g) = Span{u 1 , u 2 }.
Direct inspection reveals that {±1} ∪ ∪ 3 j=1 {±q W j (g) } is the subgroup of S 3 consisting of precisely those elements h ∈ S 3 such that Ad(h) preserves the metric eigenspaces of g with respect to g 0 . Consequently, by Theorem 2.20 and the fact that all automorphisms of S 3 are inner, we find Isom(S 3 , g) = ρ(S 3 × {±1}) ∪ ∪ 3 j=1 ρ(S 3 × {±q W j (g) }) .
2.26. Computation (The isometry group of a Berger metric of non-constant sectional curvature). Let g ∈ R left (S 3 ) be a Berger metric of non-constant sectional curvature with metric eigenvalues η 2 1 = η 2 2 = η 2 3 (with respect to g 0 ) and corresponding metric eigenvectors u 1 , u 2 and u 3 . Further, let W = Span{u 1 , u 2 } be so that W ⊥ = Span{u 3 } is the ·, · -orthogonal (and, hence, ·, · 0 -orthogonal) complement of W .
(1) By S 1 (g) we will denote the unique one-parameter subgroup of S 3 so that the special orthogonal group of (W, g e ↾ W ) is
and for any k ∈ S 1 (g), Ad(k) ↾ W ⊥ is the identity. (2) Let q g ∈ S 3 be such that
and Ad(q g ) ↾ W ⊥ is the negative of the identity.
(Please see Example 2.28 below for a concrete instance of these constructions.) Now, direct inspection shows that S 1 (g) ∪ q g S 1 (g) is the subgroup of S 3 consisting of precisely those elements h ∈ S 3 for which Ad(h) preserves the metric eigenspaces of g (with respect to g 0 ). Therefore, by Theorem 2.20 and the fact that all automorphisms of S 3 are inner, we conclude Isom(S 3 , g) = ρ(S 3 × S 1 (g)) ∪ ρ(S 3 × q g S 1 (g)).
2.27. Remark. Clearly, the element g q is not unique and, by the reasoning in Remark 2.23, it is an order four element with q 2 g = −1 and q 3 g = −q g . One can also check that q g normalizes S 1 (g) in S 3 . 2.28. Example (Finding S 1 (g) and q g for a Berger metric). Recall that S 3 ⊂ Span{1, i, j, k} is the space of unit length quaternions and T 1 S 3 = Span{i, j, k}. Now, let g ∈ R left (S 3 ) be a Berger metric of non-constant sectional curvature obtained through a non-trivial rescaling of ·, · 0 in the i-direction. Then, we have
• S 1 (g) = S 1 std ≡ {e iθ : θ ∈ R}, and • we may take q g = j.
Indeed, Ad(j)(i) = −i, Ad(j)(j) = j and Ad(j)(k) = −k.
We summarize the preceding discussion in the following proposition.
2.29. Proposition. The isometry group of a left-invariant metric on S 3 is given by
if g is Berger of non-constant sectional curvature,
, if g is generic.
In particular, (S 3 , g) admits orientation-reversing isometries if and only if g is bi-invariant and the connected component of the identity of Isom(S 3 , g) is given by
if g has three pairwise distinct eigenvalues.
The following corollary sheds light on which finite subgroups of SO(4) that act freely on S 3 can appear as the subgroup of the isometry group of a given left-invariant metric g and will be useful in our proof of Theorem 1.1.
2.30. Corollary. Let g be a left-invariant metric on S 3 that is not bi-invariant and Γ a finite subgroup of SO(4) that acts freely on S 3 . If Γ is Type II -VI and Γ ≤ Isom(S 3 , g), then (up to conjugation in SO (4)) Γ is the subgroup of ρ(S 3 × S 1 std ) given by (1) Γ q;p 1 ,p 2 for p 1 and p 2 integers relatively prime to q, or (2) ρ( ∆ × C q ), where ∆ is D * k , T * , I * , O * , D 2 2k+1 n or T 3 k 8 and ∆ × C q denotes the subgroup of S 3 × S 1 std generated by ∆ and 1 × C q . Proof. Follows from Theorem 2.7 and Proposition 2.29 by direct inspection.
2.5. Classification of locally homogeneous elliptic three-manifolds. The goal of this subsection is to provide a proof of Theorem 1.1, which classifies the locally homogeneous elliptic three-manifolds and to determine when such a space is homogeneous. Since the universal cover of a complete locally homogeneous Riemannian manifold is homogeneous [Si, p. 692] and up to isometry the homogeneous metrics on S 3 are the left-invariant metrics, to classify the locally homogeneous metrics on an elliptic three-manifold, for each left-invariant metric g on S 3 we will need to identify the finite subgroups Γ ≤ Isom(S 3 , g) ≤ O(4) acting freely on S 3 (Corollary 2.30) and determine when two locally homogeneous elliptic three-manifolds are isometric. Moreover, we will need a criterion (Proposition 2.32) to determine when a locally homogeneous metric is homogeneous.
In [LSS] , a complete locally homogeneous metric on a manifold M is called a geometric structure. Further, a geometric structure on M is said to be modeled on the geometry (X, G) or is said to be an (X, G)-geometric structure if its universal Riemannian cover is isometric to X equipped with a G-invariant metric. In the event that (X, G) is a maximal geometry, the (X, G)-geometric structures on M are called maximal geometric structures. And, as has been noted in [Ge, p. 7 ], a geometry inducing maximal geometric structures on a manifold M need not be unique. We now recall the following theorem of Wolf [Wo2] . With this in hand, the following proposition is immediate.
2.32. Proposition. Let (M, g) be a compact locally homogeneous manifold with universal Riemannian covering ( M , g) and let ( M , G) be a geometry on the universal cover M such that Isom( M , g) o ≤ G. If (M, g) is homogeneous, then every ( M , G)-geometric structure on M is homogeneous.
For our purposes, we will be interested in the following instance of the preceding proposition.
2.33. Corollary. Let G be a compact simple Lie group. A left-invariant metric g on G covers a homogeneous metric on Γ\G, where Γ ≤ Isom(G, g), only if the bi-invariant metric on G induces a homogeneous metric on Γ\G.
Proof. By Theorem 2.20 the connected component of the identity of an arbitrary left-invariant metric on G is contained in the connected component of the identity of a bi-invariant metric on G. We can then apply the preceding proposition.
We now specialize to the compact simple Lie group S 3 . Given a left-invariant metric g on S 3 and a finite subgroup Γ ≤ O(4) of Type I-VI acting freely on S 3 , let g Γ denote the corresponding locally homogeneous quotient metric on Γ\S 3 . In the case where Γ = Γ q;p 1 ,p 2 , where p 1 and p 2 are integers both relatively prime to the positive integer q, we will also denote the induced quotient metric on L(q; p 1 , p 2 ) = Γ q;p 1 ,p 2 \S 3 by g q;p 1 ,p 2 . Now notice that the spherical space form Γ\S 3 is homogeneous if and only if (up to conjugation in O(4)) Γ is trivial, Z 2 , Γ q;1,±1 (q ≥ 3), binary dihedral or binary polyhedral [Wo2, Corollary 2.7.2] . This leads to the following classification of homogeneous elliptic three-manifolds, which will be used in the proof of Theorem 1.1.
2.34. Proposition. Let H ≤ SO(4) be the connected component of an isometry group of a left-invariant metric g on S 3 (see Proposition 2.29), P * ≤ S 3 be a binary polyhedral or binary dihedral group, and ∆ ≤ S 3 a group isomorphic to P * × 1, D 2 k+1 n or T 3 k 8 . Finally, let Γ ≤ H be of Type I-VI and g Γ the corresponding locally homogeneous metric on Γ\S 3 .
(1) If H = ρ(S 3 × S 3 ) = SO(4); i.e., H is the identity component of the isometry group of a bi-invariant metric, then
for (q, | ∆|) = 1, ρ(S 1 std × 1) and g Γ is not homogeneous, if Γ = ρ(C q × ∆) for (q, | ∆|) = 1.
(2) If H = ρ(S 3 × S 1 ); i.e., each conjugate of H in SO (4) is the identity component of the isometry group of a Berger metric that is not bi-invariant, then
(3) If H = ρ(S 3 × 1); i.e., each conjugate of H in SO (4) is the identity component of the isometry group of a left-invariant metric that is not a Berger metric, then
Proof. The proposition follows directly from the preceding discussion, the fact that a subgroup K ≤ S 3 × S 3 acts transitively on S 3 if and only if ρ(K) ≤ SO(4) acts transitively on S 3 , and the following lemma.
2.35. Lemma. Let ρ(H) be the isometry group of (S 3 , g), where g is a left-invariant metric. Suppose that Γ is a discrete subgroup of ρ(H), then
where Γ = ρ −1 (Γ).
Proof. Take h ∈ Z H ( Γ) o . By the definition of Γ, ρ(h) clearly centralizes Γ. Also, given any continuous curve h t connecting h and the identity, ρ(h t ) is a curve connecting ρ(h) and the identity.
To prove the other direction, let ρ(h) ∈ Z ρ(H) (Γ) o . Then there exists a curve ρ(h) t in Z ρ(H) (Γ) connecting the identity element e and ρ(h). The curve ρ(h) t lifts to a curve h t starting from either e or −e, and ends at h or −h. By the continuity, h t must centralize Γ.
. This proves the lemma.
We now turn to the classification of locally homogeneous elliptic three-manifolds.
2.36. Theorem. Let g be a left-invariant metric on S 3 and denote its isometry class by [g] . Let Γ ≤ Isom(S 3 , g) o ≤ SO(4) be a subgroup of Type I-VI acting freely on S 3 and let ∆ be equal to P * × 1, D 2 k+1 n or T 3 k 8 , where P * ≤ S 3 is binary dihedral or binary polyhedral. And, we take p and q to be positive integers.
(1) Suppose g is a bi-invariant metric and, hence, a metric of constant sectional curvature.
Then (4), Γ is trivial, Γ 2;1,1 = Γ 2;1,−1 or P * × 1, then [g] induces a unique isometry class [g Γ ] of locally homogeneous Riemannian metrics on Γ\S 3 and this class is homogeneous if and only if Γ is trivial or Γ 2;1,1 = Γ 2;1,−1 (i.e., Γ\S 3 is S 3 or SO (3)); (b) if, up to conjugation in O(4), Γ = ρ( ∆ × C q ), where q ≥ 2, (q, | ∆|) = 1 and ∆×C q is the subgroup of S 3 ×S 1 std generated by ∆ and 1×C q , or Γ = ρ( ∆), where ∆ = P * × 1, then [g] induces a unique isometry class [g Γ ] of locally homogeneous Riemannian metrics on Γ\S 3 and this class is not homogeneous; (c) if, up to conjugation in O(4), Γ = Γ q;1,1 or Γ q;1,−1 for q ≥ 3, then [g] induces precisely two isometry classes [g + Γ ] and [g − Γ ] of locally homogeneous Riemannian metrics on Γ\S 3 ≃ L(q; 1, 1) ≃ L(q; 1, −1), precisely one of which is homogeneous; (d) if, up to conjugation in O(4), Γ = Γ q;1,p or Γ q;1,−p , for q ≥ 3 and p ≡ ±1 mod q, then [g] induces precisely two isometry classes [g + Γ ] and [g − Γ ] of locally homogeneous Riemannian metrics on Γ\S 3 ≃ L(q; 1, p) ≃ L(q; 1, −p), neither of which is homogeneous.
(3) Suppose g is not a Berger metric (i.e., g is a generic left-invariant metric).
(a) if, up to conjugation in O(4), Γ = Γ q;1,1 , then [g] induces a unique isometry class [g Γ ] of locally homogeneous Riemannian metrics on Γ\S 3 = L(q; 1, 1) and this class is homogeneous if and only if q equals 1 or 2 (i.e., Γ\S 3 is S 3 or SO (3)). (b) if, up to conjugation in O(4), Γ is binary dihedral or binary polyhedral, then [g] induces a unique isometry class [g Γ ] of locally homogeneous Riemannian metrics on Γ\S 3 and this class is not homogeneous.
Proof.
(1) This statement is due to Wolf [Wo2, Theorem 7.6.6 ].
(2) Assume that g is a Berger metric of non-constant sectional curvature. We first prove 2(a). Begin by fixing Γ to be trivial, P * × 1, or Γ 2;1,1 = Γ 2;1,−1 = −I 4 . Then, for any leftinvariant metric h ∈ [g] we see that Γ ≤ Isom(S 3 , h) o = ρ(S 3 × S 1 (h)), where S 1 (h) ≤ S 3 is the appropriate one-parameter subgroup (see Computation 2.26). Therefore, each left-invariant metric h ∈ [g] induces a locally homogeneous metric h Γ on Γ\S 3 and by Lemma 2.34(2) this metric cannot be homogeneous. We claim that different left-invariant metrics in [g] give isometric metrics on Γ\S 3 . To prove the claim, let h, h ′ ∈ [g], Then there exists x ∈ S 3 such that C
Then F is an isometry that normalizes Γ: Γ F = Γ. By Lemma 2.1, F induces an isometry between (Γ\S 3 , h Γ ) and (Γ\S 3 , h ′ Γ ), which proves the claim. Now, we show that for any Γ ′ conjugate to Γ, the Riemannian manifold (Γ ′ \S 3 , h Γ ′ ) is isometric to (Γ\S 3 , h Γ ) for all h ∈ [g]. Suppose that Γ ′ is conjugate to Γ in O (4) and that Γ ′ is a subgroup of ρ(S 3 × S 1 (h)) for some h ∈ [g], then by Theorem 2.7, Γ = Γ ′ρ(a,b) for some (a, b) ∈ S 3 × S 3 . Therefore, Γ is a subgroup of ρ(S 3 × S 1 (h) (a,b) ) = ρ(S 3 × S 1 (h 1 )) for some h 1 ∈ [g]. As h and h 1 are in [g], the previous paragraph and Lemma 2.1 imply that (Γ ′ \S 3 , h Γ ′ ) is isometric to (Γ\S 3 , h Γ ), which completes the proof of 2(a).
We now move to the proof of 2(b). Suppose Γ ≤ SO (4) is of Type II-VI but not binary dihedral or binary polyhedral. Then, it follows from Proposition 2.29 that there is a unique h ∈ [g] such that Γ ≤ Isom(S 3 , h) 0 = ρ(S 3 × S 1 (h)). The metric h induces a locally homogeneous metric h Γ on Γ\S 3 which cannot be homogeneous by Lemma 2.34(2). Again, by Lemma 2.1, if Γ ≤ ρ(S 3 × S 1 (h)) and Γ ′ ≤ ρ(S 3 × S 1 (h ′ )) are conjugate in O(4), (Γ\S 3 , h Γ ) and (Γ ′ \S 3 , h ′ Γ ′ ) must be isometric. This establishes statement 2(b).
By Lemma 2.1, to prove 2(c), it suffices to consider Γ = Γ q;1,p where q ≥ 3. Now, let h ∈ [g] be such that Isom(S 3 , h) o = ρ(S 3 × S 1 std ), then h is the unique left-invariant metric in [g] such that Γ q;1,p , Γ q;1,−p ≤ Isom(S 3 , h) o . Then, h induces the locally homogeneous metrics h q;1,p and h q;1,−p on Γ\S 3 ≃ L(q; 1, p) ≃ L(q; 1, −p) (see p. 4 for notation). Now, recall that Γ q;1,p = Γ F 1 q;1,p −1 , where (L(q; 1, −p) ). Now, imagine there is an isometry Ψ : (L(q; 1, p), h q;1,p ) → (L(q; 1, −p), h q;1,−p ), then we obtain an isometry Ψ ∈ Isom(S 3 , h) such that π q;1,−p • Ψ = Ψ • π q;1,p ; where, for any positive integer c, π q;1,p : S 3 → L(q; 1, c) = Γ q;1,c \S 3 is the natural projection map. Then, Ψ ∈ Isom(S 3 , h) ≤ O(4) and Γ Ψ q;1,p = Γ q;1,−p . Therefore, Ψ ∈ F 2 N O(4) (Γ q;1,p ), where (4), (see Remark 2.9). Noticing that N O(4) (Γ q;1,p ) = N SO(4) (Γ q;1,p ), we conclude that Ψ = F 2 A, where A ∈ SO(4). Therefore, conjugating Isom(S 3 , h) o = ρ(S 3 × S 1 std ) by Ψ we obtain ρ(S 1 std × S 3 ) (see Remark 2.8) contradicting the fact that Ψ is an isometry of (S 3 , h). Consequently, (L(q; 1, p), h q;1,p ) and (L(q; 1, −p), h q;1,−p ) are locally isometric, yet non-isometric. Now, in the event that p ≡ ±1 mod q, Lemma 2.34(2) implies that precisely one of the metrics h q;1,p and h q;1,−p is homogeneous. Thus, establishing statement (2c). And, in the case where p ≡ ±1 mod q, Lemma 2.34(2) shows that neither of the metrics h q;1,p and h q;1,−p is homogeneous. Thus, statement 2(d) is established.
We conclude with the proof of statement 3. Let g be a left-invariant metric that is not naturally reductive. Then, for each left-invariant h ∈ [g] we have Γ q;1,1 ≤ ρ(S 3 × 1) = Isom(S 3 , h) o . Therefore, any h ∈ [g] induces a locally homogeneous metric on Γ\S 3 that cannot be homogeneous by Lemma 2.34(3). Now, for h, h ′ ∈ [g] there is an x ∈ S 3 such that conjugation by x is an isometry:
Then F is an isometry such that Γ F = Γ. By Lemma 2.1, F induces an isometry between (Γ\S 3 , h Γ ) and (Γ\S 3 , h ′ Γ ). This establishes statement 3(a). The proof of 3(b) is analogous to the proof of 2(a).
Proof of Theorem 1.1. This is merely a reformulation of Theorem 2.36.
Classification of the compact homogeneous three-manifolds
In this section we will prove Theorem 1.2 which classifies the compact homogeneous Riemannian three-manifolds.
3.1. Lemma. Let ( M , g) be a simply-connected homogeneous space and Isom( M , g) o the identity component of its isometry group. ( M , g) admits a compact quotient that is homogeneous if and only if there is a discrete abelian subgroup Γ ≤ Isom( M , g) o acting freely and properly discontinuously on M such that the corresponding Riemannian quotient ( M /Γ, g Γ ) is compact and homogeneous.
Proof. Let (M, g) be a compact homogeneous quotient of ( M , g). As M is homogenous, there is a connected Lie group G and a closed subgroup K such that M = G/K. As connected Lie groups have abelian fundamental groups, the homotopy long exact sequence implies that the fundamental group of M has a finite index abelian subgroup isomorphic with a subgroup Λ ≤ Isom( M , g) acting properly discontinuously and freely by deck-transformations on M . Let Γ = Λ ∩ Isom( M , g) o . The group Γ has finite index in Λ since the isometry group of a homogenous space has finitely many components. The compact quotient Γ\ M is homogenous by Theorem 2.31.
Proof of Theorem 1.2. Let (M, g) be a compact homogenous three-manifold. Its universal Riemannian cover ( M , g) is homogenous by Singer [Si, p. 692 ]. By Lemma 3.1, the identity component of the isometry group Isom( M , g) 0 contains a discrete abelian subgroup Γ that acts on M with compact homogenous quotient. Moreover, ( M , Isom( M , g)) is modeled on a subgeometry of one of the eight Thurston geometries (see [Sco] and [LSS] ). The Thurston geometries admitting compact quotients with abelian fundamental groups are precisely the geometries (S 3 , Table 1 and 2]).
The case where (M, g) is a homogeneous three-manifold for which the locally homogeneous metrics on M are modeled on subgeometries of (S 3 , Isom(S 3 ) o ) is handled by Theorem 1.1.
Next, assume (M, g) is a homogeneous three-manifold modeled on a subgeometry of the three-dimensional euclidean geometry (R 3 , Isom(E 3 ) o ). Then, the isometry group of the universal Riemannian cover of (M, g) satisfies Isom(R 3 , g) o ≤ Isom(E 3 ) o , and we conclude that M = Γ\R 3 for some discrete subgroup Γ ≤ Isom(R 3 , g) acting freely. Then, by Lemma 3.1, Γ possesses a finite index subgroup Λ ≤ Isom(R 3 , g) o such that the quotient space (Λ\R 3 , g Λ ) is homogeneous. Now, since Isom(R 3 , g) o is contained in Isom(E 3 ) o , Theorem 2.31 confirms that Λ\E 3 is also homogeneous. Hence, by the Bieberbach theorems, Λ is a lattice of full rank in R 3 (which is identified with the group of translations of euclidean three-space). Then,
consists of translations of euclidean three-space. As (M, g) is assumed to be homogeneous, Theorem 2.31 implies the group Z Isom(R 3 , g) o (Γ) o must act transitively on R 3 . Therefore, since it consists of translations of three-space, Z Isom(R 3 , g) o (Γ) o is identically R 3 . Consequently, g is a translation-invariant metric on R 3 and, therefore, flat. Using [Sa2, Proposition III.6 .6] we conclude that the homogeneous space (M, g) is a flat torus.
Finally, the compact quotients of S 2 ×R are M 1 = S 2 ×S 1 , M 2 (the non-trivial S 1 -bundle over RP 2 ), M 3 = RP 2 #RP 2 , and M 4 = RP 2 × S 1 . These spaces are precisely the compact threemanifolds whose geometric structures are modeled on subgeometries of (S 2 ×R, Isom(S 2 ×E) o ). In fact, all geometric structures on the manifolds M 1 , M 2 , M 3 and M 4 are maximal. Using the notation of [LSS, Sec. 4] , the locally homogeneous metrics supported by these spaces give us the following families of locally homogeneous metrics: M 1 (k, v), M 2 (k, v), M 3 (k, v) and M 4 (k, v), where k, v > 0, respectively. Carrying out the computation suggested by Lemma 3.1, we conclude M 1 (k, v), M 2 (k, v) and M 4 (k, v) are homogeneous, while M 3 (k, v) is merely locally homogeneous, for any k, v > 0. We note that M 1 (k, v) and M 4 (k, v) are globally symmetric, while M 2 (k, v) and M 3 (k, v) are only locally symmetric.
3.2. Remark. As the elliptic three-manifold Γ q;1,1 \S 3 ≃ Γ q;1,−1 \S 3 , where q ≥ 3, admits locally isometric locally homogeneous metrics where one is homogeneous and the other is not, we see that the methods employed in the following section cannot resolve whether homogeneity is audible among compact locally homogeneous three-manifolds.
On hearing the geometry of a locally homogeneous elliptic three-manifold
Our objective in this section is to establish Theorem 1.4 which provides strong evidence that among locally homogeneous three-manifolds a locally homogeneous elliptic three-manifold is determined up to local isometry by its first four heat invariants.
The first step of our argument is to observe that the first four heat invariants of a locally homogeneous three-manifold Riemannian covered by a unimodular Lie equipped with a leftinvariant metric can be expressed as symmetric functions in the Christoffel symbols µ 1 = Γ 3 12 = −Γ 3 21 , µ 2 = Γ 1 23 = −Γ 1 32 and µ 3 = Γ 2 31 = −Γ 2 13 (see Theorem 4.13) . We then explore the degree to which this process can be inverted and learn from Lemmas 4.24 and 4.27 that for a locally homogeneous elliptic three-manifold (Γ\S 3 , g) the elementary symmetric polynomials in µ 1 , µ 2 and µ 3 can be expressed as functions of the first four heat invariants and the order of Γ which, by Lemma 4.1, establishes that the Christoffel symbols can be recovered from this data. Coupled with the fact that Equation 4.18 shows the Christoffel symbols of (Γ\S 3 , g) determine its metric eigenvalues (see Section 2.3), this shows that two locally homogeneous elliptic threemanifolds (Γ 1 \S 3 , g 1 ) and (Γ 2 \S 3 , g 2 ) having fundamental groups of the same order and sharing the same first four heat invariants must be locally isometric (see Theorem 4.28) . Then, by using the classification theorem of locally homogeneous three-manifolds (Theorem 1.1), we are able to deduce Theorem 1.3 and 1.5. Hence, isospectral locally non-isometric locally homogeneous elliptic three-manifolds have fundamental groups of different orders. Therefore, since the first four heat invariants can decipher whether the Ricci tensor of a locally homogeneous elliptic three-manifold is degenerate [LSS, Theorem 1.1(2) ], Lemma 4.29 implies the respective Ricci tensors of (Γ 1 \S 3 , g 1 ) and (Γ 2 \S 3 , g 2 ) are non-degenerate. With this in hand, the proof of Theorem 1.4 follows easily.
For the remainder of this article we will let P 1 (x, y, z) ≡ x + y + z, P 2 (x, y, z) ≡ xy + xz + yz and P 3 (x, y, z) ≡ xyz be the elementary symmetric polynomials in three variables. And, we recall the following useful fact.
4.1. Lemma. The three-multiset [α, β, γ] determines and is determined by the ordered triple (P 1 (α, β, γ), P 2 (α, β, γ), P 3 (α, β, γ).
Proof. This follows by observing that (x + α)(x + β)(x + γ) = x 3 + P 1 (α, β, γ)x 2 + P 2 (α, β, γ)x + P 3 (α, β, γ).
4.1.
Heat invariants as symmetric polynomials in the Christoffel symbols. As we noted in [LSS] , the heat invariants of a compact Riemannian manifold (M, g) are the coefficients of the asymptotic expansion of the heat trace [MinPl] :
Two isospectral manifolds necessarily have the same heat invariants, but the converse is false. The heat invariants are known to be defined by the formula (cf. [Be, p. 145] or [Sa2, Chp. VI.5] ):
where u m (M, g) is a universal polynomial in the components of the curvature tensor and its covariant derivatives. Unfortunately, explicit formulae are known in only a few cases.
In [LSS] we saw that for a compact locally homogeneous three-manifold (M, g) modeled on a simply-connected unimodular Lie group equipped with a left-invariant metric, the heat invariants a 1 (M, g), a 2 (M, g) and a 3 (M, g) can be expressed as symmetric polynomials in the eigenvalues of the Ricci tensor. It will be useful for us to observe here that for such manifolds, the heat invariants can also be expressed as symmetric polynomials in the Christoffel symbols with respect to a Milnor frame.
4.2.
Lemma. Let (M, g) be a locally homogeneous three-manifold locally isometric to a unimodular Lie group G equipped with a left-invariant metric. Let {E 1 , E 2 , E 3 } be a Milnor frame (see [LSS, Def. 2.13] ) and let µ = (µ 1 , µ 2 , µ 3 ) be the associated vector of Christoffel symbols: µ 1 = Γ 3 12 = −Γ 2 13 , µ 2 = Γ 1 23 = −Γ 3 21 and µ 3 = Γ 2 31 = −Γ 1 32 .
(1) The Christoffel symbols and principal curvatures are related as follows:
R(e 1 , e 2 , e 1 , e 2 ) R(e 1 , e 3 , e 1 , e 3 ) R(e 2 , e 3 , e 2 , e 3 )
(2) And, setting P j ≡ P j (µ) for j = 1, 2, 3, we have the folowing expressions:
9) (Ric; Ric; R) = 8(P 1 P 2 P 3 − 6P 2 3 ), (4.10) (Ric Ric Ric) = 24P 2 3 + 8P 3 2 − 24P 1 P 2 P 3 (4.11)
Proof. The first statement follows from the fact that the Christoffel symbols µ = (µ 1 , µ 2 , µ 3 ) are related to the eigenvalues of the Ricci tensor ν = (ν 1 , ν 2 , ν 3 ) via ν σ(1) = 2µ σ(2) µ σ(3) for any permutation of three elements, and in [LSS, Cor. 2.36] we saw that principal curvatures and Ricci eigenvalues are related as follows: 
The remaining expressions are then a direct application of the relation between the principal curvatures and the Christoffel symbols coupled with [LSS, Prop. 2.23] .
Keeping in mind that ∇ Sc is zero for a locally homogeneous space, one easily deduces the following expressions for the heat invariants, by applying Lemma 4.2 to [LSS, Equations (2. 2) -(2.5)]. 4.13. Theorem. Let (M, g) be a compact locally homogeneous three-manifold modeled on a unimodular Lie group equipped with a left-invariant metric and let µ = (µ 1 , µ 2 , µ 3 ) be the vector of Christoffel symbols associated to a Milnor frame on (M, g). Then, the heat invariants may be computed in terms of the Christoffel symbols as follows
where P j ≡ P j (µ) for j = 1, 2, 3.
Proof. Keeping in mind that ∇ Sc is zero for a locally homogeneous space, the result follows immediately from Lemma 4.2 applied to [LSS, Eqs. (2. 2) -(2.5)].
Recovering the metric eigenvalues from the Christoffel symbols. The Cartan-Killing form associated to G = S 3 ≃ SU(2) is the symmetric and negative-definite bilinear form B(x, y) = trace(ad(x) ad(y)) for x, y ∈ su(2). Let g 0 denote the bi-invariant metric on S 3 induced by the inner product ·, · 0 ≡ − 1 2 B(·, ·). Then, (S 3 , g 0 ) is the round sphere of radius 2. It has volume 16π 2 and constant sectional curvature 1 4 . Now, fix an orientation on su(2) and let × denote the cross-product on the oriented inner product space (su(2), ·, · 0 ), then for any u, v, ∈ su(2)
Consider the oriented metric Lie algebra (su(2), ·, · ) and let g denote the corresponding leftinvariant metric on S 3 . Then, there is a self-adjoint map Ω : (su(2), ·, · 0 ) → (su(2), ·, · 0 ) such that X, Y = Ω(X), Y 0 for X, Y ∈ su(2). Let {e 1 , e 2 , e 3 } be a positively oriented ·, · 0orthonormal basis of Ω-eigenvectors with corresponding nonzero eigenvalues η 2 1 , η 2 2 and η 2 3 . So, η 2 1 , η 2 2 and η 2 3 are the "metric eigenvalues" of ·, · with respect to ·, · 0 . Then, { e 1 η 1 , e 2 η 2 , e 3 η 3 } is a positively-oriented ·, · -orthonormal basis and (4.17) vol(g) = η 1 η 2 η 3 vol(g 0 ) = η 1 η 2 η 3 16π 2 .
Let × be the cross-product on the the oriented metric Lie algebra (su(2), ·, · ) and let L : (su(2), ·, · ) → (su (2), ·, · ) be the associated "Milnor map:"
Then, for any cyclic permutation σ, we find
L(e σ(3) ), and we deduce L(e 1 ) = η 2 1 η 1 η 2 η 3 e 1 , L(e 2 ) = η 2 2 η 1 η 2 η 3 e 2 , and L(e 3 ) = η 2 3 η 1 η 2 η 3 e 3 .
Therefore, Ω and L have the same eigenvectors, and the eigenvalues of Ω determine and are determined by the eigenvalues of L.
Letting [e i , e j ] = 3 j=1 α ijk e k for constants α ijk , we may define
Using Equation ( Applying Kozul's formula, the Christoffel symbols can be expressed as
which leads to the following relationship between the metric eigenvalues and the Christoffel symbols
where as in Lemma 4.2, µ 1 = Γ 3 12 = −Γ 2 13 , µ 2 = Γ 1 23 = −Γ 3 21 and µ 3 = Γ 2 31 = −Γ 1 32 . Since the metric g is determined up to (local) isometry by its 3-multiset [η 2 1 , η 2 2 , η 2 3 ] of metric eigenvalues, we conclude g is also determined up to (local) isometry by the 3-multiset of its Christoffel symbols [µ 1 , µ 2 , µ 3 ]. Keeping in mind that if the left-invariant metric g on S 3 induces a locally homogeneous metric g Γ on the elliptic three-manifold Γ\S 3 , then vol(g) = |Γ| vol(g Γ ), we see the preceding discussion establishes the following proposition. 4.19. Proposition. Among locally homogeneous elliptic three-manifolds, each space is determined up to local isometry by the 3-multiset consisting of its Christoffel symbols (with respect to a Milnor Frame) and the order of its fundamental group.
Applying Equations (4.17) and (4.18) we discover (4.20) vol(g) 2 (16π 2 ) 2 = η 2 1 η 2 2 η 2 3 = vol(g) 16π 2 3 (P 1 (µ)P 2 (µ) − P 3 (µ)) .
Now, let g Γ be a locally homogeneous metric on the elliptic three-manifold Γ\S 3 and let g be the left-invariant metric on S 3 covering g Γ . Then, the volume of g Γ has the following expression in terms of the Christoffel symbols of g Γ (and g) with respect to a Milnor frame:
.
Therefore, the volume of g can be expressed in terms of the Chirstoffel symbols
and we conclude that for any permutation σ η 2 σ(1) = 1 (µ σ(1) + µ σ(2) )(µ σ(1) + µ σ (3) ) .
4.3.
The proof of Theorems 1.3 and 1.5.
4.23.
Lemma. Let (Γ\S 3 , g) be a locally homogeneous elliptic three-manifold with vector of Christoffel symbols µ = (µ 1 (g), µ 2 (g), µ 3 (g)). Then, P 1 (µ) is positive.
Proof. Follows directly from Equation (4.18) and the fact that the metric eigenvalues are all positive.
4.24. Lemma. Let (Γ\S 3 , g) be a locally homogeneous elliptic three-manifold with first four heat invariants a 0 ≡ a 0 (Γ\S 3 , g), a 1 ≡ a 1 (Γ\S 3 , g), a 2 ≡ a 2 (Γ\S 3 , g) and a 3 ≡ a 3 (Γ\S 3 , g).
Proof. The first equation is derived from Equation ( Proof. The eigenvalues ν 1 (g), ν 2 (g) and ν 3 (g) of the Ricci tensor are related to the Christofel symbols µ 1 (g), µ 2 (g) and µ 3 (g) by ν σ(1) = 2µ σ(2) µ σ(3) , for any permutation σ. Therefore, we see that g has degenerate Ricci tensor if and only if one of its associated Christoffel symbols µ 1 (g), µ 2 (g) or µ 3 (g) is zero, which is equivalent to P 3 (µ) being zero. 
4.27. Lemma. Let (Γ\S 3 , g) be a locally homogeneous elliptic three-manifold with first four heat invariants a 0 ≡ a 0 (Γ\S 3 , g), a 1 ≡ a 1 (Γ\S 3 , g), a 2 ≡ a 2 (Γ\S 3 , g) and a 3 ≡ a 3 (Γ\S 3 , g). Then P 1 (µ) is determined by |Γ|, a 0 , a 1 , a 2 , and a 3 . Concretely, let A = A(a 0 , a 1 ), B = B = (|Γ|, a 0 ), C = C(a 0 , a 1 , a 2 ) and D = D(a 0 , a 3 ) be as in Lemma 4.24. Then A, B, C, and D determine P 1 (µ). Moreover,
(1) If A = 0 (i.e., the space is scalar flat), then P 1 (µ) = − C B ;
(2) If A < 0 (i.e., the space has negative scalar curvature), then C < 0 and P 1 (µ) =
(3) If A > 0 and C ≥ 0, then P 1 (µ) = B+
; (4) If C = 0 (i.e., the metric has degenerate Ricci tensor), then P 1 = B A In particular, P 1 (µ) is determined by |Γ|, a 0 , a 1 , and a 2 in all cases except possibly when A > 0 and C < 0.
Proof. Throughout, it will be useful to recall that P 1 and B are both positive.
First, we observe that in the case when A = 0, Lemma 4.24-(4) determines P 1 = − C B , as required.
For the case where C = 0, Lemma 4.24(3) implies P 3 is zero, and Lemma 4.24(2) implies P 1 = B
A . This establishes the first and fourth assertions of the Lemma.
For the remainder of the argument, we assume A = 0. Then, by Lemma 4.24(4) , P 1 is a positive real root of the quadratic polynomial q 1 (x) = Ax 2 − Bx − C and we conclude
Consequently, the discriminant of q 1 (x) satisfies B 2 + 4AC ≥ 0. We now demonstrate the validity of assertions two and three in the Lemma. If A < 0, then the only possible positive root of
with C < 0. Therefore, when A < 0, we conclude that C < 0 and
Similarly, when A > 0 and C ≥ 0, q 1 (x) has exactly one positive root and we conclude
It remains to demonstrate that when A > 0 and C < 0, P 1 (µ) is determined by A, B, C, and D. If the discriminant B 2 + 4AC = 0, then P 1 (µ) = B
2A . Now assume that B 2 + 4AC > 0 and both roots of q 1 (x) are positive and distinct. To help determine which of these roots is equal to P 1 , we notice that by Lemma 4.24(5) , P 1 is also a root of the polynomial
If q 2 (x) is not a scalar multiple of q 1 (x), then P 1 (µ) is the unique common root. Now, suppose q 2 (x) is a scalar multiple of q 1 (x). Then, comparing the coefficients of x, we find q 2 (x) = −480Aq 1 (x). Next, comparing the quadratic terms of this expression, we find C = −A 2 and obtain B 2 − 4A 3 = B 2 + 4AC > 0. Now, since the cubic polynomial x 3 + P 1 (µ)x 2 + P 2 (µ)x + P 3 (µ) has three real roots (i.e., µ 1 , µ 2 and µ 3 ) we see that its discriminant ∆ is nonnegtive: Lemma 4.24 , we may substitute P 2 (µ) = A and P 1 (µ)P 2 (µ) = C = −A 2 to obtain
which holds if and only if P 2 1 ≥ 27A 5 > A. Therefore, by Lemma 4.26, 4.29. Lemma. Let (Γ 1 \S 3 , g 1 ) and (Γ 2 \S 3 , g 2 ) be two locally homogeneous elliptic three-manifolds with a j (g 1 ) = a j (g 2 ) for j = 0, 1, 2, 3. If g 1 (and, hence, g 2 ) has degenerate Ricci tensor, then |Γ 1 | = |Γ 2 | and g 1 and g 2 are locally isometric.
Proof. It will be useful to recall that for any real numbers α, β, γ we have (x + α)(x + β)(x + γ) = x 3 + P 1 (α, β, γ)x 2 + P 2 (α, β, γ)x + P 3 (α, β, γ),
where P j (x, y, z) is the j-th elementary symmetric polynomial in three variables. For j = 1, 2, let µ(g j ) = (µ 1 (g j ), µ 2 (g j ), µ 3 (g j )) denote the Christoffel symbols of (Γ j \S 3 , g j ) with respect to some Milnor frame. The hypotheses of the lemma imply P 3 (µ(g 1 )) = P 3 (µ(g 2 )) = 0. Without loss of generality we may assume µ 1 (g 1 ) and µ 1 (g 2 ) are both zero. Then, by Theorem 4.13 and Equation (4.21), for j = 1, 2 we have (4.30) a 0 (g j ) = 16π 2 |Γ j |P 1 (µ(g j ))P 2 (µ(g j )) (4.31) a 1 (g j ) = 16π 2 3|Γ j |P 1 (µ(g j )) (4.32) a 2 (g j ) = a 0 10 P 2 (µ(g j )) 2
Since a 0 (g j ) and P 1 (µ(g j )) are both positive, Equation (4.30) implies P 2 (µ(g j )) is positive. Therefore, it follows from Equation (4.32) and the fact that a 2 (g 1 ) = a 2 (g 2 ) that P 2 (µ(g 1 )) = P 2 (µ(g 2 )). Now, since P 3 (µ(g 1 )) = P 3 (µ(g 2 )) = 0, Equation (4.16) shows that for j = 1, 2 a 3 (g j ) = a 0 (g j ) 7! 184P 2 (µ(g j )) 3 − 48P 1 (µ(g j )) 2 P 2 (µ(g j )) 2 .
Finally, since P 2 (µ(g 1 )) = P 2 (µ(g 2 )) and since P 1 (µ(g 1 )) and P 1 (µ(g 2 )) are both positive, the equality a 3 (g 1 ) = a 3 (g 2 ) implies P 1 (µ(g 1 )) = P 1 (µ(g 2 )). Therefore, the multisets [µ 1 (g 1 ), µ 2 (g 1 ), µ 3 (g 1 )] and [µ 1 (g 2 ), µ 2 (g 1 ), µ 3 (g 1 )]
are equal and we conclude g 1 and g 2 are locally isometric. The statement about the order of the fundamental groups follows from Equation (4.31).
The proof of Theorem 1.4 is now easily obtained.
Proof of Theorem 1.4. Let (M 1 = Γ 1 \S 3 , g 1 ) and (M 2 = Γ 2 \S 3 , g 2 ) be as in the statement of the theorem and let Ric 1 and Ric 2 denote their respective Ricci tensors. By Theorem 4.28, the groups Γ 1 and Γ 2 have distinct orders. Now, by [LSS, Theorem 1.1], Ric 1 and Ric 2 are both degenerate or both non-degenerate. Since the manifolds are assumed to have distinct local geometry, it follows from Lemma 4.29 that Ric 1 and Ric 2 must be non-degenerate and it follows from [LSS, Theorem 1.1] that g 1 and g 2 must be sufficiently far from a metric of positive curvature.
Recovering a metric from its curvature and volume
As we noted in the introduction, homogeneous surfaces with identical curvature tensorssee p. 9 for definition-must be locally isometric. However, there are continuous families of left-invariant metrics on S 3 (respectively SO(3) and SL(2, R)) with identical curvature tensor that are pairwise locally non-isometric [La, SchWo1, SchWo2] . We conclude this article by showing that our framework allows one to observe that these ambiguities can be resolved in the presence of volume.
We will say that two locally homogeneous elliptic three-manifolds (Γ 1 \S 3 , g 1 ) and (Γ 2 \S 3 , g 2 ) are said to be isocurved if (up to permutation) they have identical principal curvatures. Then, the Ricci tensors of two isocurved locally homogeneous elliptic three-manifolds are either both degenerate or both non-degenerate. 5.1. Theorem. Let (Γ 1 \S 3 , g 1 ) and (Γ 2 \S 3 , g 2 ) be isocurved locally homogeneous elliptic threemanifolds.
(1) If their respective Ricci tensors are non-degenerate, then (Γ 1 \S 3 , g 1 ) and (Γ 2 \S 3 , g 2 ) are locally isometric. In particular, in the event that Γ 1 = Γ 2 is not conjugate to Γ q;1,p , where q ≥ 3, we may conclude that the spaces are isometric.
(2) If their respective Ricci tensors are degenerate and |Γ 1 | = |Γ 2 |, then (Γ 1 \S 3 , g 1 ) and
(Γ 2 \S 3 , g 2 ) are locally isometric if and only if they have the same volume. In particular, in the event that Γ 1 = Γ 2 is not conjugate to Γ q;1,p , where q ≥ 3, we may replace "locally isometric" with "isometric."
Proof. Throughout, we let µ 1 (g j ), µ 2 (g j ) and µ 3 (g j ) denote the Christoffel symbols of (Γ j \S 3 , g j ), for j = 1, 2.
(1) Since g 1 and g 2 each have non-degenerate Ricci tensor, the associated Christoffel symbols are all non-zero. Also, from Equation (4.18), we conclude at least two of the Christoffel symbols are positive. Without loss of generality (and after possibly relabelling the symbols), we may assume µ 2 (g j ) and µ 3 (g j ) are positive, for j = 1, 2. Using Equation (4.3) we find µ 1 (g 1 ) 2 = µ 1 (g 1 )µ 2 (g 1 )µ 1 (g 1 )µ 3 (g 1 ) µ 2 (g 1 )µ 3 (g 1 ) = µ 1 (g 2 )µ 2 (g 2 )µ 1 (g 2 )µ 3 (g 2 ) µ 2 (g 2 )µ 3 (g 2 ) = µ 1 (g 2 ) 2 .
Similarly, µ 2 (g 1 ) 2 = µ 2 (g 2 ) 2 and µ 3 (g 1 ) 2 = µ 3 (g 2 ) 2 . Then, because we have assumed µ 2 (g j ) and µ 3 (g j ) are both positive, for j = 1, 2, we have µ k (g 1 ) = µ k (g 2 ) for k = 2, 3. But, since Equation (4.3) implies µ 1 (g 1 )µ 2 (g 1 ) = µ 1 (g 2 )µ 2 (g 2 ), we also have µ 1 (g 1 ) = µ 1 (g 2 ). Therefore, by Proposition 4.19, g 1 and g 2 are locally isometric metrics. The second part of the statement follows from the first by applying the classification of locally homogeneous elliptic three-manifolds (Theorem 1.1). (2) Since both g 1 and g 2 both have degenerate Ricci tensors (equivalently, P 3 vanishes on µ(g 1 ) = (µ 1 (g 1 ), µ 2 (g 1 ), µ 3 (g 1 )) and µ(g 2 ) = (µ 1 (g 2 ), µ 2 (g 2 ), µ 3 (g 2 ))), each metric has at least one Christoffel symbol that is zero. Without loss of generality, assume µ 1 (g 1 ) = µ 1 (g 2 ) = 0. Since g 1 and g 2 are isocurved, Equation (4.3) implies P 2 (µ(g 1 )) = µ 2 (g 1 )µ 3 (g 1 ) = µ 2 (g 2 )µ 3 (g 2 ) = P 2 (µ(g 2 )).
Also, observe that, since |Γ 1 | = |Γ 2 | and vol(g 1 ) = vol(g 2 ), the volumes of the universal covering metricsg 1 andg 2 are equal. Therefore, we may use Equation (4.20) to conclude that P 1 (µ(g 1 )) = P 1 (µ(g 2 )).
Then, by Proposition 4.19, g 1 and g 2 are locally isometric. The second part of the statement follows from the first by applying the classification of locally homogeneous elliptic three-manifolds (Theorem 1.1).
Proof of Theorem 1.6. Recall that two Riemannian manifolds (M, g) and (M ′ , g ′ ) are said to have identical curvature tensors if for each p ∈ M and p ′ ∈ M ′ there is a linear isometry F : (T p M, g p ) → (T p ′ M ′ , g ′ p ′ ) such that F * R ′ p ′ = R p . Now, let M = Γ\S 3 be a spherical threemanifold and suppose g and g ′ are locally homogeneous metrics on M with identical curvature tensor. Then, g and g ′ are isocurved metrics and g has a non-degenerate Ricci tensor if and only if g ′ has a non-degenerate Ricci tensor. Therefore, when these metrics have the same volume, Theorem 5.1 implies g and g ′ are locally isometric. The last statement then follows form Theorem 1.1(3).
We conclude this article by noting that among left-invariant metrics with degenerate Ricci tensor S 3 admits a unique (up to isometry) metric with a prescribed volume and (positive) scalar curvature. First, we provide a lemma.
5.2.
Lemma. If (Γ\S 3 , g) is a locally homogeneous elliptic three-manifold with degenerate Ricci tensor, then
(1) Sc(g) > 0, and
(2) 32π 2 Sc(g) vol(g)|Γ| 2 − 2 Sc(g) ≥ 0.
Proof. Throughout this argument we let S = Sc(g) and V = vol(g). The hypothesis that g has degenerate Ricci tensor is equivalent to P 3 (µ) = 0, where µ = (µ 1 , µ 2 , µ 3 ) is the vector of Christoffel symbols of g. Therefore, at least one of the µ j 's is zero. Without loss of generality, we may assume µ 1 = 0. Then, by Equation (4.20) applied to the universal covering metricg which has vol(g) = vol(g)|Γ|, µ 2 + µ 3 = P 1 (µ) = 32π 2 SV |Γ| .
And, since P 1 (µ) is positive (see Lemma 4.23), we determine that S is positive. To verify the second statement, we solve the equation above for µ 2 and combine with 1 2 S = P 2 (µ) = µ 2 µ 3 to obtain µ 2 3 − 32π 2 SV |Γ| µ 3 + 1 2 S = 0. Therefore,
2 and the second statement follows from the fact that µ 3 is a real number. 5.3. Theorem. For any S, V > 0 satisfying 32π 2 SV 2 −2S ≥ 0, up to isometry, there is a unique left-invariant metric g with degenerate Ricci tensor on S 3 (respectively, SO(3)) satisfying S = Sc(g), V = vol(g).
Proof. Fix S, V > 0 and suppose that g is a metric with degenerate Ricci tensor on S 3 (respectively, SO(3)) such that Sc(g) = S and vol(g) = V , then following the proof of the previous
